In this paper, the author proves S. T. Yau's conjecture that the first eigenvalue λ 1 of the Laplacian of a compact without boundary, orientable connected hypersurface embedded minimally in S n+1 (1) (n ≥ 3) is actually n.
Introduction
In 1982, Professor Shing Tung Yau conjectured that the first eigenvalue λ 1 of the Laplacian of a compact without boundary, orientable connected hypersurface embedded minimally in n + 1 dimensional sphere S n+1 (1) (n ≥ 2) is n ( [4] ). In 1983, Hyeong In Choi and Ai-nung Wang proved λ 1 ≥ n 2 ( [1] ). In this paper, we prove that Yau's conjecture is right when n ≥ 3.
Fundamental Formula
Let M be a compact without boundary orientable connected smooth hypersurface embedded minimally in S n+1 (1) . M divides S n+1 (1) into two connected components Ω 1 and Ω 2 , such that ∂Ω 1 = M = ∂Ω 2 , where ∂Ω i (i = 1, 2) is the smooth boundary of Ω i . Let λ 1 (Ω i ) be the first eigenvalue of the Laplacian ∆ on Ω i (i = 1, 2) with Dirichlet condition. Using Reilly's theorem, we know λ 1 (Ω i ) ≥ n + 1 (Theorem 4 in [2] ).
In Ω 1 , let {e 1 , e 2 , · · · , e n , e n+1 } be a local orthonormal frame field, such that restricted on ∂Ω 1 , e n+1 is the unit outward normal vector; e 1 , e 2 , · · · , e n are tangent to M. Let f be a first eigenfunction of M. Then we have
where ∆ M is the Laplacian on M, and λ 1 is the first eigenvalue on M. In this paper, the subscript A (1 ≤ A ≤ n + 1) denotes the covariant derivative along e A .
From [1] , we know n 2 ≤ λ 1 ≤ n.
(1.2)
In Ω 1 , we consider the following linear equation
where µ is a positive constant, and µ < n + 1. Using λ 1 (Ω 1 ) ≥ n + 1, and the Fredholm theory about linear elliptic equation, we know that there is a unique smooth solution u satisfying (1.3). And u is a non-constant function. Let {ω 1 , ω 2 , · · · , ω n , ω n+1 } be the dual basis with respect to {e 1 , e 2 , · · · , e n , e n+1 }, such that restricted to M, ω n+1 = 0.
We can see du| ∂Ω 1 = df.
(1.4) From (1.4), we have
where g is a smooth function on M = ∂Ω 1 . Using
and
we have
where h ij is the second fundamental form tensor along e n+1 on M, 1 ≤ i, j ≤ n.
Because M is minimal, we can see
h ii = 0.
(1.11) By (1.1), (1.3), (1.9) and (1.11), we can see
(1.12)
Let R ABCD be the curvature tensor on S n+1 (1) . We use the Ricci identity on Ω 1 ⊂ S n+1 (1), and we have
= u B δ AC − u C δ AB , 1 ≤ A, B, C ≤ n + 1. where ∇ is the connection on Ω 1 ⊂ S n+1 (1) . By (1.1), (1.5), (1.6), (1.10), (1.12), (1.14), the Stokes formula and the Green formula, we have In this paper, 1 ≤ A, B, C, D, · · · ≤ n + 1; 1 ≤ i, j, k, l, · · · ≤ n. From (1.13) and (1.18), on Ω 1 , we have
+u BC δ AC − u CC δ AB = (u CCAB + u AB δ CC − u CB δ CA ) + u AB δ CC − u AC δ CB +2u BC δ AC − 2u CC δ AB = u CCAB + 2u AB δ CC + u BC δ AC − u AC δ CB − 2u CC δ AB .
(1.19)
From (1.3) and (1.19), we can see Integrating (1.21) on Ω 1 , and using the Green formula, we have (1.26) By (1.10), we have
Using (1.10), (1.24), (1.25), (1.26) and (1.27), we can see
From (1.1), (1.6), (1.9), (1.11), (1.13) and (1.28), we have n i,j=1
From (1.12) and (1.30), we obtain
From the above formula and (1.8), we can see
By (1.5), (1.10), (1.13) and (1.32), we have
From (1.3) and (1.13), we can deduce
Restricting the above formula to ∂Ω 1 , and using (1.6), (1.9), (1.11) and (1.28), we can see
From (1.12) and (1.35), we have
(1.36) Substituting (1.29), (1.33) and (1.36) into (1.23), we can see
By the Stokes formula and (1.1), we can get
By (1.11) and the Stokes formula, we have
Similarly, we can see
Let R * ijkl be the curvature tensor on ∂Ω 1 = M, we know
Using the Ricci identity on M, we can see 
By the Stokes formula, (1.43) and (1.1), we obtain
Integrating (1.37) on ∂Ω 1 , using (1.11), (1.38), (1.39), (1.40), (1.44) and the Green formula, we have
By M is minimal and compact without boundary, ∂Ω 1 = M, and using the Stokes formula, we get
(1.46)
Then we have
(1.47)
Using (1.10), restricted to ∂Ω 1 , we can see
By (1.9), we can see
h il h jl .
(1.50)
From the above formula, it follows that n i,j,l=1
Using (1.43) and the Stokes formula, we can see 
In Ω 2 , let {e * 1 , e * 2 , · · · , e * n , e * n+1 } be a local orthonormal frame field, such that restricted on ∂Ω 2 , e * n+1 is the unit outward normal vector on ∂Ω 2 . At the same point of
In Ω 2 , we consider the linear equation
where u * is a smooth function on Ω 2 . Similar to (1.53), we have
Similar to the formulae in Ω 1 , here we have g * = u * n+1 * | ∂Ω 2 , the subscript B *
(1 ≤ B ≤ n + 1) of u * denotes the covariant derivative along e * B , and h * ij is the second fundamental form tensor along e * n+1 on M. Secondly, we have
Adding (1.53) to (1.55), using the second formula in (1.56), and noting ∂Ω 1 = M = ∂Ω 2 , we have
Now we shall prove the following lemma.
Lemma 1.
where we sum up all of the subscripts A, B, A * , B * .
Proof. By (1.9) and (1.56), on M, we can see 
Using (1.6), (1.9), (1.11), (1.13) and (1.56), on M, we can see
By (1.5), (1.12), (1.13) and (1.56), on M, we know
By (1.32) and (1.56), on M, we have
where we exchange the subscripts j and k in the second sum of the right hand side in (1.63), and we can see the item is zero. By (1.60), (1.61), (1.62) and (1.63), Lemma 1 is valid. From (1.57) and Lemma 1, we have
Proof. Suppose there is a µ ∈ (0, n + 1), such that
Similar to (1.16), we have
where ∇ is the connection on Ω 2 ⊂ S n+1 (1). Adding (1.16) to (1.66), we get
Similar to (1.15), we have
Adding (1.15) to (1.68), and using the first identity of (1.67), we can see
(1.69) From (1.2), (1.67) and (1.69), it follows that
Using (1.3) and the Cauchy inequality, we have
Similar to (1.71), we can see
in Ω 2 .
(1.72)
From (1.3) and (1.54), we have
Inserting (1.71) and (1.72) in (1.70), and using (1.73), we can see
By µ > 0, from (1.74), we have
It is in contradiction with µ < n + 1. Lemma 2 is valid.
Lemma 3.
Proof. By (1.3), we have
Using (1.3), (1.76) and the Cauchy inequality, we can see
By integrating (1.77) on Ω 1 , and using (1.16), we obtain
Similar to (1.78), we can see
(1.79) By (1.78) and (1.79), Lemma 3 is right. Using Lemma 3 and (1.64), we can see
where µ ∈ (0, n + 1). (1.80) is an important inequality.
The Proof of the Theorem
At an arbitrary fixed point x ∈ M, we choose the local normal coordinate on S n+1 (1). Let {e 1 (y), e 2 (y), · · · , e n (y), e n+1 (y)} be a local normal orthonormal frame field on B *
is the distance function on S n+1 (1), and the positive constant ε is very small. It satisfies
where ω AB (y) (1 ≤ A, B ≤ n+1) be the connection with respect to {ω 1 (y), ω 2 (y), · · · , ω n (y), ω n+1 (y)} which is the dual basis at {e 1 (y), e 2 (y), · · · , e n (y), e n+1 (y)}. {e 1 (x), e 2 (x), · · · , e n (x)} is an orthonormal frame at the point x ∈ M, e n+1 (x) is the unit outward normal vector of ∂Ω 1 (∂Ω 1 = M). We extend the smooth orthonormal frame {e 1 (y), e 2 (y), · · · , e n (y), e n+1 (y)} from B *
It is well-known that we can see
where y ∈ B * ε (x) ∩ Ω 1 from the second formula to the last formula in (2.3). The subscript A denotes the covariant derivative along e A , 1 ≤ A ≤ n + 1.
From (2.1) and the first formula in (2.3), we have
By (2.3) and (2.4), we can see 
Proof. (1) By (1.5) and the first formula in (1.56), (1.12) and the fifth formula in (1.56), we can see that ∀x ∈ M,
By e * n+1 (x) = −e n+1 (x), ∀x ∈ M, we have
From (1.1), (1.11), (1.54) and the third formula in (1.56), ∀x ∈ M, we can see
From (1.8) and (2.8), we have
From (2.10) and ω n+1 * ,k (x) = −ω n+1,k (x), we can see
Using (2.7) and (2.9), at an arbitrary point x on M, we have
From (2.11), (2.12) and ω n+1 * ,k (x) = −ω n+1,k (x), ∀x ∈ M, we can see
From (2.7), (2.9), (2.11) and (2.14), ∀x ∈ M, we have (u *
only on the point x ∈ M and the unit outward normal vector e n+1 (x) on ∂Ω 1 . It is a smooth function on M. This item is independent of the choice of the local coordinate at the point x ∈ S n+1 (1). ∀x ∈ M, we can make use of the local normal coordinate on S n+1 (1) to calculate the item (u *
(2) From (1.61), (1.62), (2.5), (2.6), (2.11), (2.13) and (2.15), for a fixed point x ∈ M, we can see
(2.17) By (2.5), (2.6), (2.7) and (2.9), we can see
and (u *
Let exp x denote the exponential mapping at the point x on S n+1 (1), T x (M) the tangent space at the point x on M.
∀x ∈ M, set
where the positive constant ε is very small. Let
V is a 2n dimensional smooth manifold with boundary.
where 1 ≤ j ≤ n. When (x, y) is fixed, we draw a circle arc (the shortest geodesic) L from x to y in S n+1 (1) . e B (x) is parallel translation along the circle arc L, and produces the vector e B (y) (1 ≤ B ≤ n + 1). In the right hand side of (2.23) and (2.24), the subscript B denotes the covariant derivative with respect to the vector e B (y) (1 ≤ B ≤ n + 1). By e B (y) depending on e B (x), in the following we should write e B (x, y) instead of e B (y). Because the parallel translation along a circle arc satisfies the system of ordinary differential equations of first order, the circle arc from x to y is smooth with respect to x and y. We can see that e B (x, y) is local smooth with respect to x and y. And G j (x, y) and H j (x, y) are local smooth functions (at least C 2 ) with respect to x and y, where 1 ≤ j ≤ n. From the definition on e B (x, y), naturally we can see
(2.25) By (1.9), (1.11), the third formula in (1.56), (2.5) and (2.6), for a fixed point x ∈ M, we can see
∀x ∈ M, by (1.3) and (1.54), we know H j (x, y)e j (x, y) are independent of choice of {e 1 (y), e 2 (y), · · · , e n (y), e n+1 (y)} and {e 1 (x), e 2 (x), · · · , e n (x)}. These vectors are the vectors in T y (S n+1 (1)), where T y (S n+1 (1)) is the tangent space at the point y on S n+1 (1). By (2.21), they are tangent to B ε (x).
∀(x, y) ∈ V , set
When (x, y) is fixed, − → Y (x, y) and − → Z (x, y) are tangent vectors at the point (x, y) on V .
− → Y (x, y) and − → Z (x, y) are global smooth vector fields (at least C 2 ) on V .
From (2.28), (2.30) and (2.31), ∀x ∈ M, we have
Let div denote the divergence on V , , be the inner product in V ⊂ R n+2 × R n+2 . ∇ * be the connection on V . By (1.3), (1.54), (2.1), (2.2), (2.18), (2.21), (2.22), (2.23), (2.25), (2.28) and (2.30), ∀x ∈ M, we can see (u * 
By the Green formula, we have
where − → n (x, y) denotes the unit outward normal vector at the point (x, y) on ∂V in V . If λ 1 = n, S. T. Yau's conjecture is right. Now we assume n 2 ≤ λ 1 < n. In the following µ = λ 1 + 1 < n + 1. Let − → X (x) denote the position vector field of the point x of S n+1 (1) in R n+2 . The position vector field − → X (x, y) of the point (x, y) on ∂V ⊂ R n+2 × R n+2 can be written as the following
where v is the unit vector in T x (M) ⊂ T x (S n+1 (1)), x ∈ M, y = exp x εv. By v is the unit vector in T x (M), we can write
And ξ 1 , ξ 2 , · · · , ξ n−1 are the local coordinates on S n−1 (1).
At a fixed point (x, y) ∈ ∂V , let (x 1 , x 2 , · · · , x n ) is the local normal coordinates around x in M. By (2.21) and (2.41), we have
where we use Gauss formula for the hypersurface in S n+1 (1). Let T y (B ε (x)) denote the tangent space at the point y on B ε (x). P y denotes the linear projection from R n+2 to T y (B ε (x)), where y = exp x εv. By (2.43) and
where y = exp x εv, 1 ≤ j ≤ n. By (2.40) and (2.44), we can write
where
is a vector perpendicular to T y (B ε (x)). And lim
By the Gauss lemma, on T y (B ε (x)), we know the unit vector ∂ ∂t − → X (exp x tv) t=ε is perpendicular to the vectors ∂ ∂ξ k − → X (exp x εv), where 1 ≤ k ≤ n − 1. And y = exp x εv.
Let T (x,y) (V ) denote the tangent space at the point (x, y) on V , where (x, y) ∈
t=ε is a basis on T (x,y) (V ). The space spanned by
Because − → n (x, y) is perpendicular to the vectors
where y = exp x εv. , S n+1 (1) denotes the inner product in 
, (2.48) where x ∈ M, y = exp x εv, v is a unit vector in T x (M).
∀x ∈ M, by u * (x) = f (x) = u(x), (2.18) and (2.23), we can see ∀(x, y) ∈ V , Remark. We can write
where O *
By (2.48), (2.49) and (2.51), we have When y = exp x εv, where x is a fixed point on M, by (2.2) and (2.21), ∀y ∈ B ε (x), we know
where A, B, C = 1, 2, · · · , n, n + 1, C 2 is a positive constant. For an arbitrary point x ∈ M, and ∀y ∈ B ε (x), we know
where C 3 is a positive constant by u * (x) = f (x) = u(x). And C 3 is independent of x because M is compact.
By (2.18), ∀x ∈ M and ∀y ∈ B ε (x), we can see
where 1 ≤ i ≤ n. C 4 is a positive constant. And C 4 is independent of x. By (2.21), (2.22) and (2.23), (2.52) can be written as the following formula
where O(ε) satisfies (2.53). And (x, y) ∈ ∂V , y = exp x εv.
In the following n ≥ 3. The left hand side of (2.57) is independent of the choice of e 1 (x), · · · , e n (x) at a fixed point (x, y) ∈ ∂V . We can choose e n (x) = v. And we can see e n (x, y)
t=ε , e j (x, y) = e t j (x, y) (1 ≤ j ≤ n − 1). e t j (x, y) is tangent to ∂B ε (x) at the point y = exp x εv. In other words, let {e t 1 (x, y), · · · , e t n−1 (x, y)} be a local smooth tangent vector field on ∂B ε (x). {ω t 1 (x, y), · · · , ω t n−1 (x, y)} be a local smooth dual frame field on ∂B ε (x).
By (1.13), (2.54), (2.55), (2.56) and (2.57), at a point (x, y) ∈ ∂V , we can see
where y = exp x εv. The subscripts v and t j denote the covariant derivative along the vector ∂ ∂t − → X (exp x tv) and e t j (x, y) respectively.
The following we shall calculate the right hand side of (2.58). For a fixed point x ∈ M and a fixed unit vector v ∈ T x (M), set
where t ∈ [0, ε], f * (t) is a smooth (at least C 3 ) function. By (2.59), we can see
By (2.59) and u
And by (2.7), (2.41) and (2.59), we can see 
where θ ∈ (0, ε), and O(ε) satisfies (2.53). By (2.59), (2.62) and u * (x) = u(x), we have
where the subscript v denotes the covariant derivative along the
By (2.41) and the property of the parallel translation on S n+1 (1), along the geodesic exp x tv (0 ≤ t ≤ ε), we have
Using (2.5), (2.6) and (2.66), (2.65) can be written as the following
From (2.59), (2.60), (2.64) and (2.67), (2.58) can be written as the following formula
where y = exp x εv. We know
The following we shall calculate
Obviously,
is independent of subscripts i and j, where i = j, and i, j ∈ {1, 2, · · · , n}.
Set
where 0 ≤ ξ 1 , ξ 2 , · · · , ξ n−2 ≤ π, 0 ≤ ξ n−1 ≤ 2π. And we can see
From (2.70) and (2.71), if there is at least three difference among i, j, k, l, we can see
When the subscripts i = j, we have
By (2.42), we can see
where A(S n−1 (1)) = 2π
. And subscripts i = j.
By §3 in [3] , we can see
where n (n ≥ 2) is an arbitrary positive integer. And
where the subscripts i = j. From (2.40) and (2.45), we can see that the first fundamental form of ∂V can be written as the following formula
where y = exp x εv.
At the fixed point (x, y) on ∂V , by (2.43), (2.45) and
1 ≤ j ≤ n, we can see
where O(ε) satisfies (2.53), 1 ≤ i, j ≤ n, 1 ≤ k, l ≤ n − 1. From (2.77) and (2.78), we know the volume element of ∂V at the fixed point (x, y) can be written as the following
where dA x is the volume element of M at the point x, dA S n−1 (1) the volume element of S n−1 (1) at the point (v 1 , v 2 , · · · , v n ) (cf. (2.42)), dA ∂Bε(x) the volume element of ∂B ε (x) at the point y. And y = exp x εv, O(ε n ) satisfies
We know the Hodge operator * on ∂B ε (x), where x is a fixed point on M, * (ω t j ) = (−1)
And on ∂B ε (x), we set
ω is a global smooth (at least C 3 ) n − 2 form on ∂B ε (x). By (2.82), we can see
where we use B ε (x) is a totally geodesic hypersurface on S n+1 (1).
By n ≥ 3 and x is a fixed point on M, we know on ∂B ε (x)
Inserting (2.81) and (2.84) in (2.83), we can see
Because ∂B ε (x) is compact without boundary, we have
By (2.85) and (2.86), we can see
∀y ∈ ∂B ε (x), we can write y = exp x εv, where v is a unit vector in T x (M) ⊂ T x (S n+1 (1)). Let
where x and v are fixed.
By the Taylor formula, we can see v i e i (x), we have
By (2.2) and (2.88), we can see 
where y = exp x εv and we use (2.88). By (2.94), we can see ∀y ∈ ∂B ε (x), 
where O(ε n ) satisfies (2.80). We know ∀x ∈ M,
where we use
u ii (x) by (2.26).
By (2.99) and (2.100), we can see
Inserting (2.79), (2.98) and (2.101) in (2.97), we can see 
where O(ε n ) satisfies (2.80). By (2.100), we can reduce (2.103) to the following formula
(2.104) By (2.21) and (2.22), we have ∀(x, y) ∈ V , y = exp x tv. dV (x,y) = (1 + O(t))dA y dA x , where lim t→0 O(t) = 0. And
where we use B ε (x) is path connected. And
) is the area of B ε (x). Using (2.38), (2.104) and (2.105), we can see
By (2.33), (2.80), (2.107) and 4 n + 2 < 1 (n ≥ 3) , set ε → 0 in (2.106), we have
The following we calculate
By B ε (x) is totally geodesic in S n+1 (1) for an arbitrary fixed point x ∈ M. On B ε (x), ω A,n+1 (y) = 0 (1 ≤ A ≤ n + 1). And we can see
109)
110) 
114) ω * is a global smooth (at least C 4 ) n − 2 form on ∂B ε (x) for a fixed point x ∈ M. By (2.84) and (2.114), we can see 
, where x is a fixed point on M, let
(u * − u)(u * n+1,t i + u n+1,t i ) * (ω t i ), (2.118) ω is a global smooth (at least C 4 ) n − 2 form on ∂B ε (x). For a point (x, y) = (x, exp x εv) on ∂V , we have the corresponding points (x, y * ) = (x, exp x (−εv)) on ∂V . And the point (x, y) rotates to the point (x, y * ). In other words, by (2.78) and the property of determinant, we have dA (x,y) = dA (x,y * ) . And +(u * n+1,j + u n+1,j )(u iji − u * iji )(x) + (u * n+1,j + u n+1,j )(u iij − u * iij )(x)] √ 2 sin n−1 ε + O(ε n ) dA S n−1 (1) dA x + O(ε n )
